It has been shown that prolonged systemic presence of a drug can cause a build up of that drug in the skin. This drug 'reservoir', if properly understood, could provide useful and important information about recent drug-taking history of the patient. In this paper we create a pair of coupled mathematical models which combine together to explore the potential for a drug reservoir to be created based on the kinetic properties of the drug. The first compartmental model is used to characterise time-dependent drug concentrations in plasma and tissue following a customisable drug regimen. Outputs from this model provide boundary conditions for the second, spatio-temporal model of drug build-up and concentration profile in the skin. We focus in particular on drugs that are highly bound as this will restrict their potential to move freely into the skin but which are lipophilic so that, in the unbound form, they would demonstrate an affinity to the outer layers of the skin (which are built around a lipid matrix). Buprenorphine, a drug used to treat opiate addiction, is one example of a drug satisfying these properties. In the discussion we highlight how our study might be used to inform future experimental design and data collection to provide relevant parameter estimates for reservoir formation and its potential to contribute to enhanced drug monitoring techniques.
Introduction
The reservoir function of the skin is a recognised phenomena in the field of percutaneous absorption [1] . A reservoir in the skin was first identified for the case of topically applied corticosteroids [2, 3] after a prolonged therapeutic effect was observed. Presence of a reservoir in the skin has since been demonstrated for many other drugs [1] . Moreover it has been shown, via tape stripping, that the main site of this skin reservoir is the stratum corneum (SC), the layer of dead cells at the skin surface [1, 2, 4] .
Research on the presence of a reservoir in the SC is generally focussed on formation from an external source, specifically topically applied drugs and chemical exposure [1] ; drug that comes into contact with the skin surface enters the body via passive diffusion. As only unbound drug diffuses [5] the cause of a reservoir forming in the SC is thought to be high keratin binding and slow desorption kinetics [5] . Binding within the skin is most typical for lipophilic drugs with high molecular weight [6, 7] .
More recently, detection of a 'reservoir' of drug in the skin as a result of systemic presence of that drug has highlighted the potential of skin to act as a site for noninvasive monitoring [8] both to measure systemic drug levels and to estimate historic usage by exploiting the reservoir.
The existence of such a reservoir in the SC has been demonstrated in the case of lithium [8, 9] . Lithium is a small drug which remains unbound and is not metabolised within the body. Mathematical modelling in that case [10] , showed how the drug reservoir could be used to assess prescription compliance; but it was a simplest case scenario in many ways given the properties of the drug within the body.
The purpose of this paper is to extend that work to use a mathematical modelling approach to explore the potential for reservoir formation with a more complex drug. In particular, we are interested in a drug that is metabolised within the body; bound to molecules within the body; and lipophilic. These choices reflect the properties of many prescription drugs that are metabolised as well as excreted by the body and which bind to proteins and other molecules within both the plasma and the tissue. The choice of a lipophilic drug reflects the composition of the SC which consists of a lipid matrix together with corneocytes and their connecting structures, desmosomes; by focussing on a drug that is lipophilic, we assume that the drug will have affinity to the SC and potentially a tendency to accumulate in this outer skin layer. The drug buprenorphine used to treat opiate addiction, where compliance is an essential component of effective treatment, satisfies these three criteria and so acts as a motivation for our choice. Despite being well-established, parameter estimates for buprenorphine in the mechanistic model structure are not readily available from the literature and so we use this example simply as a motivation at this stage for our theoretical modelling work.
Classical modelling approaches to drug absorption, distribution, metabolism and excretion (ADME processes) often use a phenomenological approach in which model compartments represent theoretical spaces to give model predictions that fit well with the data. These are known as pharmacokinetic models. More recently, there has been a move towards more complicated physiologically based pharmacokinetic models (PBPK) which take a mechanistic approach, modelling each component of the body relevant to the passage of a given drug [11] . PBPK models are used as predictive tools in research, drug development and risk assessment. However, these models require large amounts of data to estimate the considerable number of model parameters.
In the following section we build the model structure which consists of two sub-models that couple together to provide a profile of compartmental drug concentrations in the body and spatial distribution within the SC. The compartmental body model is a simplified form of a PBPK model where we restrict the number of body compartments to three, invoking Occams razor. The outputs from this model provide boundary conditions for the spatial distribution model in the SC. Analysis of the models leads to predictions about the effect of bound and unbound plasma drug concentration, drug compliance, binding coefficients and diffusive potential on reservoir size. We conclude with observations about the potential to exploit the SC reservoir as a mechanism for non-invasive drug monitoring.
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Model
The mathematical model is built in two stages: firstly, a compartmental system of coupled ODEs is used to model time-dependent drug concentrations within the body in response to a regularly administered drug. The outputs from this model provide boundary conditions for the second stage model which explores the spatial distribution of drug molecules within the SC; in turn, this is used to calculate the total amount of drug (the reservoir) within the SC as a function of key, critical parameters. It should be noted that whilst Model 1 feeds into Model 2, the converse is not true. We assume that any drug which enters the SC is not reabsorbed into the blood. We assume that active drug is administered and it is the administered drug that we are interested in modelling. A single daily dose is administered in the fully compliant case. For simplicity we will not consider drug-drug interactions.
Model 1
This model comprises six time-dependent state variables: unbound drug molar concentration in plasma, P u (t); bound drug concentration in plasma, P b (t); unbound drug concentration in well perfused tissues, Q u (t); bound drug concentration in well perfused tissues, Q b (t);unbound drug concentration in poorly perfused tissues, R u (t) and bound drug concentration in poorly perfused tissues, R b (t) at time t. Noting that only unbound drug is able to move between plasma and tissue, we create a mathematical model based on the schematic shown in Figure 1 . The model equations are built from conservation principles on the amount of drug in the system. For unbound drug in the plasma we have:
Change in amount of unbound drug in plasma (over time) = − net binding of drug to plasma proteins − net movement of drug into well perfused tissues − net movement of drug into poorly perfused tissues − drug metabolised and excreted + administered drug.
(1)
As we are considering a fixed plasma volume, V p , the amount of drug in the plasma is P u (t)V p .
(Net) Binding. Binding in the plasma is a reversible process where, at equilibrium, unbound drug will be a fraction, f up , of the total drug in the plasma, (P u + P b ). We assume that the rate at which this equilibrium is approached is directly proportional to the difference between the amount of unbound drug at time t, P u (t), and the amount that will be unbound at equilibrium, f up (P u + P b ). This gives rise to a binding rate
where k 1 is a positive rate constant. The effect of this term on the amount of unbound drug will be positive if P u is below its equilibrium level and negative if above.
(Net) Movement Into Tissue. Again, this process is reversible. Only unbound drug moves between plasma and tissue which we exploit to give the rate of movement into tissue from the plasma as
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Poorly Perfused Tissues dose The parameters k 2 , k 3 are the rates at which movement occurs and are dependent on a number of variables such as blood flow to tissues and partitioning coefficients. Tissues are assigned to well perfused or poorly perfused tissue compartments according to blood perfusion values given in [12] . It therefore follows that k 2 > k 3 . The remaining two parameters, f 2 and f 3 represent the ratio between concentration of drug in plasma and well perfused tissue, and plasma and poorly perfused tissue at equilibrium respectively. According to the allocation of tissues to each compartment, poorly perfused tissues have a much higher fat percentage than well perfused tissues [12] . As we are considering lipophilic drugs we can also expect f 2 > f 3 (higher affinity for fatty tissue).
Metabolism and Excretion
Metabolism. Metabolism is described by Michaelis Menten kinetics. Only unbound drug in the plasma is metabolised. Hence we obtain the rate of metabolism:
where V max and k m are the maximum velocity and michaelis constant respectively.
Multiple Dose. The term describing administration of drug is of the form
as used in the model by Paulley et al [10] for a repeat lithium dose. For simplicity, on administration, dose is assumed to be distributed homogeneously in the plasma. The parameter δ is the 'size' of the dose that arrives in the body, calculated as the mass of dose × bioavailability and converted to molar concentration by dividing through by molar mass and plasma volume. The dissolution/ absorption rate constant for the given route of administration is given by k, which reflects that drug not given intravenously will not all arrive in the body immediately. Doses are administered at the times T i where N is the number of doses administered [10, 13] . Combining these terms with (1) gives rise to the model equation
where parameters and variables are defined as in Table B .1 (see appendix).
Note that
inf Ti δk exp(−k(t − T i ))dt = δ which means that the full dose δ does eventually reach the plasma.
Volume Adjustment Between Compartments. We assume bound and unbound drug occupy the same volume within compartments. We can not, however assume that volume between compartments is the same. We introduce the dimensionless variables
where v Q , v P and v R are the volumes of Q, P , and R respecitvely. This ensures that the conservation of mass is maintained as drug moves between compartments.
Combining all elements, we obtain the full model system:
Using parameters described in Table B .1 (which are estimates for buprenorphine taken from the literature) and assuming no drug in all compartments initially, we obtain concentration profiles as shown in Figure 2 we use this profile as input to Model 2 where drug accumulates in the stratum corneum. 
Model 2
In this section we obtain a description of the formation of a drug reservoir in the stratum corneum (SC). Our hypothesis is that drug builds up in the SC to create a reservoir where inflow from poorly perfused tissues is balanced by a loss from skin surface.
Drug Binding in Skin. In model 1, we considered bound and unbound drug in the plasma and tissues. Drug binds to keratin in the skin [7] and the dynamics of binding in the skin have been shown to be linear [14] . As only unbound drug is free to diffuse [5] , binding may be an important factor in the formation of a SC reservoir. We therefore consider both bound and unbound drug in the SC and allow for the possibility of binding and unbinding.
Passive Diffusion Through the Skin. Movement of drug into the skin occurs via passive diffusion down concentration gradients and is described by Fick's law of diffusion assuming a constant diffusion coefficient, D > 0.
Movement with the Differentiating Cells. Cells and intercellular material in the skin move from the viable epidermis to the skin surface where they are shed [15, 16] . This movement is often neglected in delivery studies as the timescale under consideration is usually too short. However Simon et al included the effects of epidermal turnover in their mathematical drug delivery model [17] ; in that case the epidermal turnover opposed movement of the drug into the SC from the skin surface. In this case we are considering the movement of drug from the base of the SC to the skin surface i.e. with the direction of movement of renewing cells. Epidermal turnover and desquamation is affected by many variables including hydration, time of day and skin condition. Here we focus on the underlying mechanism and assume that the skin moves towards the body surface at constant velocity v > 0.
Bound Unbound
Bound Unbound Figure 3 : Schematic for model 2 where SC is the stratum corneum and VE is the viable epidermis represented by 'poorly perfused tissues' from model 1. Dotted arrows denote diffusion of unbound drug and dashed arrows denote convective movement of bound and unbound drug due to the renewal of the stratum corneum at rate v.
Model Assumptions. We consider a one-dimensional spatial domain for the SC since we assume that the drug is distributed homogeneously across the viable epidermis (VE), the layer below the SC. In this case x = 0 corresponds to the boundary between the SC and VE and x = L corresponds to the surface of the skin. We let C u (x, t) and C b (x, t) denote the concentration of unbound and bound drug at x at time t respectively and develop a diffusion-convection model based on the schematic shown in Figure ( 3) assuming that 1. Unbound drug diffuses across the SC with diffusion coefficient D > 0. 2. Bound and unbound drug move towards the surface of the skin at constant velocity v > 0 corresponding to the cell renewal in the SC. 3. Bound drug becomes unbound at the rate µ > 0 and unbound drug becomes bound at rate γ > 0. 4. At x = 0, concentration of bound and unbound drug corresponds to those values obtained from the poorly perfused tissue in the compartmental model, R b (t), R u (t) respectively. 5. At x = L, we assume no diffusion across the surface of the skin.
Combining these elements we obtain the model system:
At x = 0, the interface between the stratum corneum and viable epidermis, the boundary conditions are
7 where α reflects a change in volume between poorly perfused tissues and the SC and where R u (t) and R b (t) are outputs from model 1. Boundary conditions at the surface are given by D dC u dx x=L = 0 (no diffusion across skin surface).
Calculation of Reservoir Size
We consider the size of the reservoir to be the amount of drug across the entire thickness of the stratum corneum. If we consider constant boundary conditions αR u (t) = αR u , αR b (t) = αR b , we can find an expression for the drug distribution in the SC at steady state by setting the LHS of (3) equal to zero (for calculation see appendix Appendix A). This results in steady state distribution in the SC given by.
where a, b and c are constants, found using boundary conditions (4) to be
We use these distributions to explore the form and size of drug reservoir in the skin. Note that if we consider binding and unbinding occurring at an equal rate (µ = γ) and constant boundary conditions with equal concentrations of bound and unbound drug (αR u = αR b ) then from equations (7-9) c=0 and so b=0 giving a=αR b . Using this in (6) the steady state solution of drug in the SC for equal binding and unbinding rates and equal bound and unbound drug on the boundary is
i.e. we expect no spatial dependence in the steady state reservoir concentration. The reservoir size per unit surface area of the skin is given as
Reservoir Size
The size of the unbound and bound reservoir (S u , S b ) at steady state can be found by integrating the steady state solution over x between 0 and L which gives:
8 where a, b, c are constants (7-9) and
We use these expressions to explore how changes in model parameters affect reservoir size.
Parameter Values Used in Numerics
The thickness of the SC (L) is dependent on many variables including region of the body, age, gender and health. In a study by Sandby et al [18] the average thickness of the SC for the forearm, where measurements are usually taken, is given as 18.3µm and it is this value chosen for L in numerical simulations.
The time taken to renew the SC is typically taken to be 14 days for a healthy adult [19, 20, 16] , we therefore take v to be 0.054µmh −1 . Values of D, µ and γ are drug dependent and are often uncertain or unknown. Boundary values αR u and αR b come from the first model and are consequently variable and depend on drug intake. We therefore explore the dependence of our reservoir size on these unknown parameters.
Results
Dependence of Reservoir Size on Binding
The importance of binding parameters in transdermal drug delivery has been highlighted recently in a paper by Pontrelli and de Monte [21] . A comparison between reservoir size and diffusion coefficient, D, for different binding rates with different bound/unbound ratios at the boundary is given in Figure 4 . From this we can see that for sufficiently large D reservoir size approaches a constant value dependent on the boundary conditions and binding rates. The relative proportion of bound to unbound drug in the reservoir at steady state appears to be controlled by the binding rates, γ and µ, whereas the scale of the reservoir is affected by a combination of the ratio of bound/unbound drug at the boundary and the rates of binding, γ, and unbinding, µ in the SC.
Next we explore how the reservoir size depends on the binding and unbinding rates whilst keeping D fixed and boundary conditions constant. In Figure 5 (a) we vary γ and observe that the total reservoir size increases essentially linearly with γ, driven by an increase in the amount of bound drug. Variation in γ has no effect on the amount of unbound drug in the reservoir at steady state (due to the non-zero value of D). In Figure 5 (b), we vary µ and in this case observe that the total reservoir size is inversely proportional to µ, again driven by a similar relation between bound drug and µ. From both graphs we see that binding mechanisms of drug within the SC may prove a crucial factor in expected reservoir size. Moreover the comparative levels of bound and unbound drug may be significant when considering extraction of the reservoir. If, for example, only unbound drug is retrieved with a given extraction method, high binding and low unbinding may decrease rather than increase observed reservoir size. 
Dependence of Reservoir Size on Boundary Drug Distribution
In Figure 6 we show how the binding ratio for drug in the poorly perfused tissue (Figure 2 ) impacts on reservoir size. From this figure we note that; in all cases, as the percentage of drug that is unbound increases in body, the reservoir size increases and when the rate of binding exceeds the rate of unbinding in the SC, the reservoir size is significantly larger than when this relation is reversed. Again this has relevance for the extraction process as detailed above in 3.1. 
Time to Form Reservoir
Whilst steady state reservoir size provides valuable information about the scale of the drug storage in the skin, it does not provide any information on how long it takes for the reservoir to form. This is an important measure as it indicates how sensitive the reservoir size is to a change in boundary condition and therefore how quickly it will reflect a change in dose.
In the case where the rate of unbinding is greater than the rate of binding (µ > γ), illustrated by Figures 7(a) and 7(b) , the time taken to reach steady state decreases with an increase in D, i.e. the faster the diffusion of unbound drug, the quicker the reservoir is to settle to its steady state level. For small D the accumulation of the reservoir is initially slower than for large D but over time this reverses. This is because initially, greater diffusion allows unbound drug to access the whole region before becoming bound and so the reservoir builds rapidly but as the unbound drug spreads through the region, having smaller diffusion allows more drug to become bound and hence the reservoir size increases.
In the case where the rate of binding is greater than the rate of unbinding (γ > µ), Figure 7 case at steady state we expect more bound than unbound drug in the reservoir. The dominant equation in this case is therefore (3b). When D is sufficiently small, the governing equation for unbound drug (3a) is in agreement with the bound equation and both bound and unbound drug move through the domain with the skin (v) allowing for local binding dynamics to settle quickly and therefore reaching steady state quickly. However presence of diffusion in equation (3a) disrupts the system, with larger D values causing a greater perturbation and therefore taking longer to reach steady state.
In Figure 8 (a) we show how quickly a perturbation to the drug concentrations at the boundary affects the reservoir size, depending on the diffusion coefficient. To explore this behaviour µ, γ are set to 1 so that the effect of differing binding rates does not influence our results and similarly we takeᾱ R u =ᾱ R b = 1 so that drug concentrations at the boundary x = 0 are equal. In this figure, at t = 500h a perturbation is applied at the boundary for 24 hours, we see that for larger values of D, the effect of the perturbation is more pronounced than for small D values but that the time taken to return to a steady reservoir size is much less for large diffusion coefficients than small diffusion coefficients.
This will be of importance when considering a fluctuating boundary condition as we have in the body (from Model 1). A larger D would result in a shorter time to steady state (i.e. equilibrating with in body concentrations quickly) which means that the reservoir size would reflect changes in body concentration more dramatically; meaning traces of a fluctuation will also be removed more quickly. Whereas a smaller D would result in a reservoir that is less sensitive to in-body concentration fluctuations.
Note that choices of γ and µ in the above figures are arbitrary. Figures shown are representative of the cases where µ > γ and γ > µ and similar profiles were obtained for other choices of these unknown parameters.
The Effect of Dose Compliance from Model 1 on Predicted Reservoir Size
Fluctuations in the boundary concentrations represent changes in systemic levels of drug which in turn reflects a change in dose of drug and would ultimately indicate what level of noncompliance would be observable in terms of reservoir size.
In the compliant case, with a daily dose of drug, Figure 9 (a), we find that for a drug naive patient, our model predicts a build up of drug in the SC over time which eventually levels off.
In the case of one missed dose at week five, figure 9(b), though the reduction in reservoir size is evident in the time profile shown here, it is unlikely that such a small percentage change would be observable experimentally, particularly at the low concentrations suggested here. Moreover, after a week of taking the correct dose the level of drug in the skin is renewed and reaches similar levels expected for a fully compliant scheme.
If we now consider habitual non compliance, demonstrated here as a single dose every other day, figure 9(c), we see a notable reduction in reservoir size which reaches half the level of the compliant case. This result is promising for potential compliance monitoring via the SC.
The time scales and values predicted rely on many uncertain parameter values for both in body and in skin models. In order to get a better idea of how much drug reaches the SC and how quickly the reservoir changes, more data are needed.
Conclusion
A two model system has been developed and analysed which describes the relationship between a drug reservoir in the SC and drug concentration in the body. It follows work by Paulley et al [10] which used mathematical modelling to support observations that lithium reservoirs form when drug is administered for chronic illness. The model presented here extends those ideas to the case where the drug is found in both bound and unbound forms and in which the lipophilicity of the drug are considered. Buprenorphine is used as an exemplar drug to populate some of the model parameter values in numerical simulations. Analysis has highlighted the importance of binding and unbinding in creating a reservoir of a size that might reasonably be observed in the laboratory, this supports the findings by Pontrelli and de Monte [21] . It has also provided insight into the time scales associated with reservoir formation and response to in-body changes in drug concentration. The modelling highlights the need to undertake experimental work to obtain parameter estimates; if these can be obtained, then we have created a highly customisable structure which could be exploited to predict drug reservoir levels and the impact which perturbations to drug regimens will have on this measure. Moreover, the system lends itself well to the exploration of non-invasive extraction and drug monitoring techniques across the skin as it describes both total amount in the SC and also spatial distribution of drug in the SC. The first measure is relevant to extraction techniques such as reverse iontophoresis whilst the second lends itself to the process of tape stripping.
Of course, the model has limitations. It provides a very simplified structure for drug distribution in the body and also movement of drug in the lipid matrix of the SC. However at this stage, it still provides useful insight into how a drug reservoir may establish depending on key drug properties such as binding affinity. Another issue may be interpatient variability such as age and ethnicity which could be incorporated by careful modification of 'average' model parameter estimates once such data sources are available.
In the meantime, we believe that the results extracted from our model analysis can contribute to on going discussions about drug reservoirs in the skin, their dependence on the molecular properties of those drugs and the potential to exploit these reservoirs to improve drug monitoring techniques for chronically ill patients. mg of protein −1 [23] kinetics for bup metabolism)
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